In this paper we consider a special case of the following two closely related problems of B. Jόnsson:
I. For which infinite cardinals m is there an algebra of power m which has finitely many operations and satisfies the descending chain condition for subalgebras.
II. For which infinite cardinals m is there an algebra of power m which has finitely many operations and has no proper subalgebra of power m.
Of course a positive answer to the first problem for a given cardinal always indicates a positive answer to the second for the same cardinal.
The special case we are concerned with is obtained by further restricting the algebras to be lattices. With this restriction we obtain a negative answer to the second problem for any regular cardinal. It follows that the answer to the first question is negative for the class of lattices and for any infinite cardinal m. Actually we obtain a stronger result which shows that in a lattice of power m where m is infinite and regular, there are at most two elements which do not lie in the complement of a sublattice of power m. We give an example to show that regularity is needed here. In a distributive lattice of regular cardinality m every element lies in the complement of some sublattice of cardinality m.
We adopt the conventions of identifying an ordinal with the set of smaller ordinals and of identifying a cardinal m with the smallest ordinal of cardinality m.
The bibliography includes most of the results related to problems I and II. 2* Lattices of regular cardinality* Throughout this paper <X; +, , 50 will denote a lattice of power m ^ coin which x -f y is the least upper bound of {x, y] and x y is the greatest lower bound of {x, y) for any x, yeL.
We usually identify such a lattice with the underlying set L. We use the notation Kξ^8L to indicate that K is a sublattice of L. For x, y e L we let
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In particular S(x, x) is the principal ideal generated by x and T(x, x) is the principal dual ideal generated by x. We write S(x) for S (x, x) and T(x) for T (x,x) . Thus for any xeL, S(x)^sL and T(x)^sL. It is easy to check that S(x, y) and T(x, y) are sublattices of L for any x, y e L if L is distributive. Since for any x, y e L we have x + y 6 T(x) and # e S(x, x + y), we see that
If A; is a cardinal, we let M k be the two-dimensional lattice having k atoms. We indicate this lattice in our diagrams by the figure   FIGURE 1 .
If L has a largest element, we denote this element by 1, and we let 0 indicate the smallest element of L if such an element exists. If L has a largest and a smallest element and x e L, we let C(x) be the set of all complements of x, i.e., C(x) = S(x, 1) Γ) T(x, 0).
The following theorem yields some immediate results concerning the problems under investigation. This theorem is also used in almost every proof of this paper. Proof. Suppose (i) and (ii) fail. Let x be any element of L other than a possible largest or smallest element. Since (i) and (ii) fail, we
and m is regular, there is a y 0 e T(x) with | S(
Similarly, | L -T{x, 0) | < m. Combining these inequalities, we get
This holds for any x Φ 0,1. We use this fact to obtain a sequence {x ζ I £ < m} S L -{0,1} so that a? e e C(x ξ ,) whenever £, £' < m and £ ^ £'. Inductively, suppose we have β < m and {a^ | £ < β} with this property. Note that
since m is regular, β < m, and for each £ < /S, | L -C(# f ) | < m. Now we take ^ e fl {C(a? e ) | £ < β}. ctεk.
FIGURE 2
It is clear that (i), (ii), and (iii) of Theorem 2.1 fail in this lattice.
3* Separation of elements by large sublattices* Theorem 2.1 leads us to consider how many elements of a lattice of regular cardinality are disjoint from some "large" sublattice. Also, given two elements of such a lattice, is there a "large" sublattice which contains one but not the other? Of course we note that M k where k is infinite has two elements, 0 and 1, which are in every "large" sublattice and hence may not be so separated. We proceed now to show that this is essentially the only such example. Proof. We consider two cases.
Case 1. x is not related to y: First we note that | S(x) U T(x) | < m. For otherwise S(x) U T(x) separates x from y. Now if z e L and j S(z) I = m we must have x e S(z). For if not S(z) U T(y) separates y from x. Dually, if | T(z)\ = m, then xe T(z)
. By Lemma 3.2 there is a copy of M m occuring as a sublattice of L and having x as an atom. If y does not belong to this sublattice then x is separated from y. Otherwise we separate x from y by removing y from this sublattice.
Case 2. x is related to y: Without loss of generality, assume that x < y. Furthermore, we assume that the conclusion of the theorem is false. We observe
that if zeL with \S(z)\ = m, then x,yeS(z). For if x$S(z), then S(z) U T(y) separates y from x. If y$S(z), then S(z) separates x from y. The dual argument gives x, y e T(w) whenever I T(w) \ = m. We also note that | S(x) U T(y) \ < m.

Suppose now that | S(y) Π T(x) \ = m. Applying Theorem 2.1 to the lattice S(y) Π T(x) gives ( i ) ze L with z < y and | S(z) Π T(x) \ = m, (ii) zeL with x < z and | T(z) n S(y) \ = m, or (iii) there is a copy of M m occuring as a sublattice of S(y) Π T(x).
Since none of these can happen, we must have | S(y) ΓΊ T(x) \ < m.
Assume now that | T(x) \ = m. We know that
\(T(x)nS(y))ϋT(y)\ <m.
Also if ze T(x) with | S(z) f] T(x) \ = m, we have y e S(z) Π T(x).
If « 6 T(x) with I Γ(ίδ;) | = m, then 2 = x and 2/ e T{z). Hence we can apply Lemma 3.2 to the lattice T(x) and the element y to get a copy of M m occuring as a sublattice of T(x) having y as an atom. We must have x as the smallest element of this sublattice. Thus if we remove y from this sublattice, we separate x from y. This shows that | T(x) \ < m. We now apply Lemma 3.2 to L and the element x to get a copy of M m having x as an atom. If y is not the largest element of this sublattice, then we have separated x from y. If y is the largest element of this sublattice, we just remove x from this sublattice to 482 THOMAS P. WHALEY
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separate y from x. This final contradiction comes from the assumption that the conclusion of the theorem is false. If S is a finite subset of k, we let S = S U n where n is the smallest member of ω for which S \J ne L(k). It is now fairly routine to check that L(k), ordered by set inclusion, is a lattice in which the least upper bound of two elements S and T is S U T, and the greatest lower bound is S Γ) T. It is clear that the atoms of this lattice are the sets of the form {ξ} where ζ ek. Also, we can check that any sublattice which contains infinitely many atoms contains each nea).
Suppose now that m is an infinite cardinal with cf(m) = k < m. Then there are cardinals m a < m for a e k so that X ( m « \ a e k) = m. We obtain a lattice L from the following diagram by letting the elements {£} for ξ ek generate L(k) as a sublattice:
,aεk. FIGURE 3 Then any sublattice of L of power m must contain infinitely many of the elements {a} with aek.
This shows that each neω is in such a sublattice. Thus there are infinitely many elements of L which lie in each sublattice of power m. 
Proof. Define a map φ of L into S(y)xT(y) by φ(x) = (x-y, x + y).
Since L is distributive, φ is one-to-one (cf [1] 
since m is regular. We take x ξ e Π {S(^o) Π Γ(^^) | /9 < ξ}, x ξ < x 0 . In this way we get {x ς \ ξ < m} a chain of elements of L. But then {x ξ 11 <; ί < m} is a sublattice of L not containing x Q . This contradiction completes the proof. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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